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LINEAR AND ALGEBRAIC INDEPENDENCE OF GENERALIZED EULER-BRIGGS
CONSTANTS
SANOLI GUN, V. KUMAR MURTY AND EKATA SAHA
ABSTRACT. Possible transcendental nature of Euler’s constant γ has been the focus of study for
sometime now. One possible approach is to consider γ not in isolation, but as an element of the
infinite family of generalised Euler-Briggs constants. In a recent work [6], it is shown that the
infinite list of generalized Euler-Briggs constants can have at most one algebraic number. In this
paper, we study the dimension of spaces generated by these generalized Euler-Briggs constants
over number fields. More precisely, we obtain non-trivial lower bounds (see Theorem 5 and The-
orem 6) on the dimension of these spaces and consequently establish the infinite dimensionality
of the space spanned. Further, we study linear and algebraic independence of these constants
over the field of all algebraic numbers.
1. INTRODUCTION
In 1731, Euler introduced the following constant
γ := lim
x→∞
(
∑
n≤x
1
n
− log x)
and derived a number of identities involving γ, special values of the Riemann zeta function
and other known constants. After Euler several other notable mathematicians including Gauss
and Ramanujan have studied this constant in depth. For a beautiful account of the various
aspects of research about this constant, we refer the reader to a recent article of Lagarias [11].
The appearance of γ in its various avatars makes it a fundamental object of study in number
theory. Though we expect that γ is transcendental, it is not even known to be irrational. How-
ever there are some transcendence results involving γ. To the best of our knowledge, the first
such result was due to Mahler [13]. He proved that for any non-zero algebraic number α, the
number
πY0(α)
2J0(α)
− log
α
2
− γ
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is transcendental, where J0 and Y0 are Bessel functions of the first and second kind of order
zero. More precisely,
J0(α) :=
∞∑
n=0
(−1)n
(n!)2
(
α
2
)2n , Hn :=
n∑
j=1
1
j
and
π
2
Y0(α) :=
(
log(
α
2
) + γ
)
J0(α) +
∞∑
n=1
(−1)n−1
Hn
(n!)2
(
α2
4
)n.
In the rather difficult subject of transcendence, sometimes it is more pragmatic to look at a
family of numbers as opposed to a single number and derive something meaningful. There are
two significant results which are worth mentioning at this point. The first one is by R. Murty
and Saradha [16]. They proved the following theorem.
Theorem 1. (Murty and Saradha) Let q > 1 be a natural number. At most one of the numbers
γ, γ(a, q), 1 ≤ a ≤ q, (a, q) = 1
is algebraic. Here
γ(a, q) := lim
x→∞
(
∑
n≤x
n≡amod q
1
n
−
1
q
log x).
The constants γ(a, q)were introduced by Briggs [3] and later studied extensively by Lehmer
[12]. We will call these constants as Euler-Briggs constants. The second result involving the
transcendence of γ is due to Rivoal [20] and Pilehrood-Pilehrood [18] who proved the following
theorem.
Theorem 2. (Rivoal / Pilehrood-Pilehrood) At least one of the numbers γ and δ :=
∫∞
0
e−w
1+w
dw is
transcendental.
The constant δ is known as the Euler-Gompertz constant. Note that the constants γ and δ
are part of a family of numbers called exponential periods (see [10] and also page 595 of [11])
introduced by Kontsevich and Zagier [9].
Another important set of numbers with γ as a member were introduced by Diamond and
Ford. In 2008, while studying the Riemann hypothesis, they introduced the so-called general-
ized Euler’s constants. In order to introduce these numbers, let us set some notation.
Throughout the paper, P will denote the set of prime numbers and p will denote a prime
number. For any finite subset Ω ⊂ P , set
PΩ :=


∏
p∈Ω p if Ω 6= φ,
1 otherwise,
(1)
and δΩ :=


∏
p∈Ω(1−
1
p
) if Ω 6= φ,
1 otherwise.
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For any finite subset Ω ⊂ P , Diamond and Ford [4] defined the generalized Euler’s constant as
follows;
γ(Ω) := lim
x→∞
(
∑
n≤x
(n,PΩ)=1
1
n
− δΩ log x).
Note that, when Ω = φ, then γ(Ω) = γ. In a recent work, R. Murty and Zaytseva [17] noticed
that at most one number in the infinite list γ(Ω) as Ω varies over finite subset of primes is
algebraic.
Following Euler-Briggs and Diamond-Ford, one can now define for any finite subset Ω ⊂ P
and natural numbers a, q with (q, PΩ) = 1, the constants
γ(Ω, a, q) := lim
x→∞
(
∑
n≤x
n≡amod q
(n,PΩ)=1
1
n
− δΩ
log x
q
).
When Ω = φ, we see that γ(Ω, a, q) = γ(a, q), the classical Euler- Briggs constants. From now
on, we refer to the constants γ(Ω, a, q) as generalized Euler-Briggs constants. Moreover, when
q = 1 and Ω ⊂ P is a finite set, we have
γ(Ω, a, 1) = γ(Ω) = δΩ (γ +
∑
p∈Ω
log p
p− 1
), where a ∈ N.
The last equality has been established by Diamond and Ford in [4]. In a recent work, the first
and the third author along with Sneh Bala Sinha [6] (see also [7]) proved the following results;
Theorem 3. (Gun, Saha and Sinha) Let a and q > 1 be natural numbers with (a, q) = 1 and S be the
set of prime divisors of q. Also let
U := { Ω | Ω is a finite set of primes, Ω ∩ S = φ} .
Then the set T := {γ(Ω, a, q) | Ω ∈ U} is infinite and has at most one algebraic element.
Theorem 4. (Gun, Saha and Sinha) Let Ω be a finite set of primes and S = {q1, q2, · · · } be an infinite
set of mutually co-prime natural numbers qi > 1 with (qi, PΩ) = 1 for all i ∈ N. Then for any a ∈ N
with (a, qi) = 1 ∀i, the set
T := { γ(Ω, a, qi) | qi ∈ S}
has at most one algebraic element.
In order to prove these theorems, one needs to find a closed formula for generalized Euler-
Briggs constants. In [6], it was proved that
γ(Ω, a, q) =
1
ϕ(q)
∑
χmod q
χ 6=χ0
χ(a)L(1, χ)
∏
p∈Ω
(1−
χ(p)
p
) +
δΩ
q
(γ +
∑
p|q
log p
p− 1
+
∑
p∈Ω
log p
p− 1
),(2)
where Ω is a finite subset of primes, a, q are co-prime natural numbers with (q, PΩ) = 1.
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The articles [6, 7] can be thought of a generalization of the work of R. Murty and Zaytseva
[17] on generalized Euler constants. Whereas the results of R. Murty and Zaytseva are ob-
tained by Hermite and Lindemann theorem, the proofs in [6] require careful analysis of units
in cyclotomic fields and Baker’s theorem on linear forms in logarithms.
The above theorems do not answer the question of linear independence of these constants
over a number field or over Q.
In this article, we establish non-trivial lower bounds for the dimension of these spaces. To
start with, we have the following theorem over the field of rational numbers Q.
Theorem 5. Let Ω ⊂ P be a finite subset of primes and PΩ be as in (1). Consider the Q-vector space
VQ,N := Q 〈γ(Ω,m, n) | 1 ≤ m ≤ n ≤ N, (m,n) = 1 = (n, PΩ)〉 .
Then for N sufficiently large, we have
N ≪Ω dimQ VQ,N ,
where the implied constant depend on Ω. In particular, the dimension of the Q-vector space
VQ := Q 〈γ(Ω,m, n) |m,n ∈ N, (m,n) = 1 = (n, PΩ)〉
is infinite.
In fact, one has the following general theorem about linear independence of these constants
over number fields.
Theorem 6. Let K be a number field with discriminant d > 1, Ω ⊂ P be a finite subset of primes, PΩ
be as in (1) such that K ∩Q(ζPΩ) = Q, where ζPΩ := e
2pii
PΩ . Consider theK-vector space
VK,N := K 〈γ(Ω,m, n) | 1 ≤ m ≤ n ≤ N, (m,n) = 1 = (n, dPΩ)〉 .
Then for N sufficiently large, we have
N ≪K,Ω dimK VK,N ,
where the implied constant depend on Ω and K . In particular, the K-vector space
VK := K 〈γ(Ω,m, n) |m,n ∈ N, (m,n) = 1 = (n, dPΩ)〉
is infinite dimensional.
Remark 1.1. Note the trivial upper bounds for dimQ VQ,N in Theorem 5 and for dimK VK,N in Theo-
rem 6 are N2.
Next we study the linear independence of these constants over the field of algebraic num-
bers. In order to do so, let us set
C(q) := {Ω ⊂ P | |Ω| <∞, (q, PΩ) = 1}, where q ∈ N.
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We define an equivalence relation on the set of all γ(Ω, a, q)’s as Ω varies over elements of C(q)
and a, q are co-prime natural numbers. We say that γ(Ω1, a, q) and γ(Ω2, a, q) are equivalent,
denoted by γ(Ω1, a, q) ∼ γ(Ω2, a, q), if there exists λ ∈ Q\{0} such that γ(Ω1, a, q) = λγ(Ω2, a, q).
In this set-up, we prove the following theorem.
Theorem 7. Let a, q be natural numbers with (a, q) = 1. Consider the set
M1 := {γ(Ω, a, q) | Ω ∈ C(q)}.
Then each equivalence class [γ(Ω, a, q)] inM1 has at most two elements.
Next let Ω ⊂ P be a finite set, PΩ be as in (1), a ∈ N and
C(a,Ω) := {q ∈ N | (a, q) = 1 = (q, PΩ)}.
As before, one can define an equivalence relation on the set γ(Ω, a, q)’s, where q ∈ C(a,Ω). In
this set-up, we prove;
Theorem 8. Let Ω be a finite set of primes, {qi} be a sequence of mutually co-prime natural numbers
and a be a natural number such that (a, qi) = 1 for all i. Consider the set
M2 := {γ(Ω, a, qi) | qi ∈ C(a,Ω)}.
Then each equivalence class [γ(Ω, a, qi)] inM2 has at most two elements.
We see that Theorem 7 and Theorem 8 give information about pairwise Q-independence of
the generalized Euler-Briggs constants. However, they do not say that the vector space gener-
ated by these constants over Q is infinite dimensional. In this regard, we have the following
theorem;
Theorem 9. Let a, q be natural numbers with (a, q) = 1. Then the dimension of the Q-vector space
VQ := Q < γ(Ω, a, q) | Ω ∈ C(q) >
is infinite over Q.
We end this section with a brief outline of the structure of the paper. In §2, we list the inputs
from transcendence theory relevant to our work. We also state a general non-vanishing result
(Theorem 12) which is integral to our investigation. The proof of this theorem is detailed in §3.
We devote §4 to prove all the linear independence results indicated in the introduction. Finally,
in §5, we state and prove some algebraic independence results assuming the Weak Schanuel
conjecture.
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2. PRELIMINARIES
In this section, we state the theorems which will be required to prove our results. The
first and the third author proved the following theorem about the existence of an infinite sum
(see [8]).
Theorem 10. (Gun and Saha) Let f be a periodic arithmetic function with period q ≥ 1 and M be a
natural number co-prime to q. Then ∑
n≥1
(n,M)=1
f(n)
n
exists if and only if
∑q
a=1 f(a) = 0. Moreover, whenever the above sum exists, we have
∑
n≥1
(n,M)=1
f(n)
n
=
q∑
a=1
f(a)γ(Ω, a, q),
where Ω is the set of prime divisors ofM .
An important ingredient to prove Theorem 6 is the following non-vanishing result of Baker,
Birch and Wirsing (see [2], see also chapter 23 of [15]).
Theorem 11. (Baker, Birch and Wirsing). Let f be a non-zero algebraic valued periodic function
with period q defined on the set of integers. Also let f(n) = 0 whenever 1 < (n, q) < q and the q-th
cyclotomic polynomial Φq(X) be irreducible over Q(f(1), · · · , f(q)), then
∞∑
n=1
f(n)
n
6= 0.
Other important theorems that are required to prove our results are the following.
Theorem 12. Let q1, q2, q3 > 1 be mutually co-prime natural numbers. Then for any algebraic numbers
αp, βχ, βφ, βψ , the number∑
p|q1q2q3
αp log p +
∑
χmod q1
χ6=χ0
βχL(1, χ) +
∑
φmod q2
φ 6=φ0
βφL(1, φ) +
∑
ψmod q3
ψ 6=ψ0
βχL(1, ψ)
is transcendental provided not all αp, βχ, βφ, βψ for even characters χ, φ, ψ are zero.
This result is new and we will give a proof of this result in the next section. A particular
case of Theorem 12 was noticed in [6]. In the same paper, the authors also proved the following
theorem which will be required to prove Theorem 9.
Theorem 13. (Gun, Saha and Sinha) Let q > 1 be a natural number and Ω1, · · · ,Ωt ∈ C(q) be
disjoint subsets of prime numbers. Then for any algebraic numbers αp, βχ, ǫΩi,p, the number
∑
p|q
αp log p +
t∑
i=1
∑
p∈Ωi
ǫΩi,p log p +
∑
χmod q
χ6=χ0
βχL(1, χ)
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is transcendental provided not all αp, ǫΩi,p, βχ for even characters χ are zero.
We shall be using the following result of Baker (see pages 10 and 11 of [1], see also chapter
19 of [15]).
Theorem 14. (Baker) Let α1, · · · , αn ∈ Q \ {0} and β1, · · · , βn ∈ Q, then
β1 log α1 + · · · + βn log αn
is either zero or transcendental. The latter case arises if logα1, · · · , log αn are linearly independent
over Q and not all β1, · · · , βn are zero.
Finally, we will be using the following result about the non-vanishing of certain special
linear forms in logarithms of non-zero algebraic numbers.
Theorem 15. (R. Murty and Saradha [16], see also R. Murty and K. Murty [14]) Let α1, · · · , αn
be positive algebraic numbers. If β0, · · · , βn are algebraic numbers with β0 6= 0, then
β0π +
n∑
i=1
βi log αi
is a transcendental number and hence non-zero.
3. PROOF OF THEOREM 12
We will prove this theorem by contradiction. We know that for any even Dirichlet character
χ 6= χ0, one can write L(1, χ) as a non-zero algebraic multiple of
(3)
∑
1<a<q/2
(a,q)=1
χ(a) log ξa,
where ξa’s are real multiplicatively independent units in the cyclotomic field Q(ζq), known as
Ramachandra units (see pages 147 to 149 of [19], page 149 of [21] as well as page 1728 of [14]).
For any odd Dirichlet character χ, we know that L(1, χ) is a non-zero algebraic multiple of π
(see page 38 of [21]). Using these results and Theorem 15, we can therefore ignore the odd
characters. In order to complete the proof of the theorem, we will now show that
(1) log p : for all primes p|q1q2q3
(2) L(1, χ) : for all even non-principal characters χmodulo q1
(3) L(1, φ) : for all even non-principal characters φmodulo q2
(4) L(1, ψ) : for all even non-principal characters ψ modulo q3
are linearly independent over Q. Suppose not. Then there exists algebraic numbers αp for
p|q1q2q3 and βχ, βφ, βψ , where χ, φ, ψ vary over non-principal even Dirichlet characters modulo
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q1, q2 and q3 respectively, not all zero, such that
∑
p|q1q2q3
αp log p +
∑
χ even
χ6=χ0
βχL(1, χ) +
∑
φ even
φ 6=φ0
βφL(1, φ) +
∑
ψ even
ψ 6=ψ0
βψL(1, ψ) = 0.
We can rewrite the above expression as
∑
p|q1q2q3
αp log p +
∑
1<a<q1/2
(a,q1)=1
δa log ξa +
∑
1<b<q2/2
(b,q2)=1
δb log ξb +
∑
1<c<q3/2
(c,q3)=1
δc log ξc = 0,
where ξa, ξb, ξc ’s are multiplicatively independent units in Q(ζq1),Q(ζq2) and Q(ζq3) respec-
tively. Now by Baker’s Theorem, we have
(4)
∏
p|q1q2
pcp =
∏
1<a<q1/2
(a,q1)=1
ξdaa
∏
1<b<q2/2
(b,q2)=1
ξebb
∏
1<c<q3/2
(c,q3)=1
ξfcc
where cp, da, eb, fc’s are integers. By taking norms on both sides of (4), we get cp = 0 for all p.
Hence
(5)
∏
1<a<q1/2
(a,q1)=1
ξdaa =
∏
1<b<q2/2
(b,q2)=1
ξ−ebb
∏
1<c<q3/2
(c,q3)=1
ξ−fcc
Since q1, q2, q3 are mutually co-prime, Q(ζq1)∩Q(ζq2q3) = Q. So we see that both sides of (5) are
rational numbers and hence equal to ±1. Now squaring both sides, we get
(6)
∏
1<a<q1/2
(a,q1)=1
ξ2daa =
∏
1<b<q2/2
(b,q2)=1
ξ−2ebb
∏
1<c<q3/2
(c,q3)=1
ξ−2fcc = 1.
This forces that da = 0 for all a since ξa’s are multiplicatively independent. Again going back
to (5) and following the same argument, we get eb = 0, fc = 0 for all b, c. This completes the
proof.
4. PROOFS OF LINEAR INDEPENDENCE RESULTS
4.1. Proof of Theorem 9. It is sufficient to show that given any natural number n, there exist
disjoint subsetsΩ1, · · · ,Ωn ∈ C(q) such that γ(Ω1, a, q), · · · , γ(Ωn, a, q) are linearly independent
overQ. Suppose that our claim is not true. Then there exists an n ∈ N such that for any disjoint
sets Ω1, · · · ,Ωn ∈ C(q) and Ω
′
1, · · · ,Ω
′
n ∈ C(q), we can find αi, βj ∈ Q, 1 ≤ i, j ≤ n, not all zero
such that
α1γ(Ω1, a, q) + · · ·+ αnγ(Ωn, a, q) = 0 and β1γ(Ω
′
1, a, q) + · · ·+ βnγ(Ω
′
n, a, q) = 0.
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Further assume that Ωi’s are disjoint from Ω
′
j’s for all 1 ≤ i, j ≤ n. Then by (2), we have
γ
n∑
i=1
αiδΩi =
−q
ϕ(q)
∑
χmod q
χ 6=χ0
χ(a)L(1, χ)
n∑
i=1
αi
∏
p∈Ωi
(1−
χ(p)
p
) −
∑
p|q
log p
p− 1
n∑
i=1
αiδΩi(7)
−
n∑
i=1
αiδΩi
∑
p∈Ωi
log p
p− 1
and γ
n∑
j=1
βjδΩ′j =
−q
ϕ(q)
∑
χmod q
χ 6=χ0
χ(a)L(1, χ)
n∑
j=1
βj
∏
p∈Ω′j
(1−
χ(p)
p
) −
∑
p|q
log p
p− 1
n∑
j=1
βjδΩ′j
−
n∑
j=1
βjδΩ′j
∑
p∈Ω′j
log p
p− 1
.
Applying Theorem 13, we see that A :=
∑n
i=1 αiδΩi 6= 0 and B :=
∑n
j=1 βjδΩ′j 6= 0. Hence from
(7), we have
q
ϕ(q)
∑
χmod q
χ 6=χ0
χ(a)L(1, χ)


n∑
i=1
αi
A
∏
p∈Ωi
(1−
χ(p)
p
) −
n∑
j=1
βj
B
∏
p∈Ω′j
(1−
χ(p)
p
)


+
n∑
i=1
αiδΩi
A
∑
p∈Ωi
log p
p− 1
−
n∑
j=1
βjδΩ′j
B
∑
p∈Ω′j
log p
p− 1
= 0,
a contradiction to Theorem 13. This completes the proof of Theorem 9.
4.2. Proofs of Theorem 5 and Theorem 6. Now we will give a proof of Theorem 5. For any
finite subset Ω ⊂ P and PΩ as in (1), define
SΩ := {u ∈ N | (u, PΩ) = 1}
and for any natural number u ∈ SΩ, let us set
ΓΩ,u := {γ(Ω, v, u) | 1 ≤ v ≤ u, (v, u) = 1}.
Note that the cardinality of ΓΩ,u is ϕ(u). We claim that for any two pairwise co-prime natural
numbers q, r ∈ SΩ, either the set of numbers ΓΩ,q is linearly independent over Q or the set of
numbers ΓΩ,r is linearly independent over Q.
Suppose that our claim is not true. Then there exists αa, βb ∈ Q, not all zero, for 1 ≤ a < q
and 1 ≤ b < r with (a, q) = 1 = (b, r) such that
(8)
∑
1≤a<q
(a,q)=1
αaγ(Ω, a, q) = 0 and
∑
1≤b<r
(b,r)=1
βbγ(Ω, b, r) = 0.
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Define two arithmetic functions as follows;
f(n) :=


αa if n ≡ a (mod q), (a, q) = 1,
−
∑
1≤a≤q
(a,q)=1
αa if n ≡ 0 (mod q),
0 otherwise,
(9)
and g(n) :=


βb if n ≡ b (mod r), (b, r) = 1,
−
∑
1≤b≤r
(b,r)=1
βb if n ≡ 0 (mod r),
0 otherwise.
Then f and g are periodic functions with periods q and r respectively. Further
∑
1≤a≤q
f(a) = 0 and
∑
1≤b≤r
g(b) = 0.
Hence by Theorem 10, we have
∑
n≥1
(n,PΩ)=1
f(n)
n
=
q∑
a=1
f(a)γ(Ω, a, q)(10)
and
∑
m≥1
(m,PΩ)=1
g(m)
m
=
r∑
b=1
g(b)γ(Ω, b, r).
Now equations (8), (9), (10) and the fact
(11) γ(Ω, q, q) =
1
q
(γ(Ω)− δΩ log q),
imply that
∑
n≥1
(n,PΩ)=1
f(n)
n
=
f(q)
q
(γ(Ω)− δΩ log q)
and
∑
m≥1
(m,PΩ)=1
g(m)
m
=
g(r)
r
(γ(Ω)− δΩ log r) .
Note that f(q) and g(r) can not be zero. Indeed, if for example f(q) = 0, then
∑
n≥1
(n,PΩ)=1
f(n)
n
= 0.(12)
However, viewing fχ0 as a periodic function modulo qPΩ, where χ0 is the trivial character
modulo PΩ, we have
(fχ0)(n) = 0 for all 1 < (n, qPΩ) < qPΩ.
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Hence by Theorem 11, we have
∑
n≥1
(n,PΩ)=1
f(n)
n
6= 0,
a contradiction to (12). As f(q) 6= 0 and g(r) 6= 0, we have
(13)
q
f(q)
∑
n≥1
(n,PΩ)=1
f(n)
n
+ δΩ log q −
r
g(r)
∑
m≥1
(m,PΩ)=1
g(m)
m
− δΩ log r = 0.
By Theorem 10 and equations (2), (9), (11), we have
q
f(q)
∑
n≥1
(n,PΩ)=1
f(n)
n
+ δΩ log q
=
q
f(q)
∑
1≤a<q
f(a)γ(Ω, a, q) + γ(Ω)− δΩ log q + δΩ log q
=
q
f(q)ϕ(q)
∑
χmod q
χ 6=χ0
L(1, χ)
∏
p∈Ω
(1−
χ(p)
p
)
∑
1≤a≤q
(a,qPΩ)=1
f(a)χ(a) − δΩ
∑
p|q
log p
p− 1
.
Similarly, we have
r
g(r)
∑
m≥1
(m,PΩ)=1
g(m)
m
+ δΩ log r
=
r
g(r)ϕ(r)
∑
ψmod r
ψ 6=ψ0
L(1, ψ)
∏
p∈Ω
(1−
ψ(p)
p
)
∑
1≤b≤r
(b,rPΩ)=1
g(b)ψ(b) − δΩ
∑
p|r
log p
p− 1
.
Replacing these two expressions in (13), we see that the left hand side of the above expression
is a non-trivial algebraic linear combinations of L(1, χ) as χ varies over non-principal charac-
ters modulo q, L(1, ψ) as ψ varies over non-principal character modulo r, logarithms of prime
divisors of q and logarithms of prime divisors of r. Then by Theorem 12, this can not be equal
to zero, a contradiction.
Thus there exists a natural number r0 ∈ SΩ such that for any q ∈ N with (q, r0PΩ) = 1,
the family of numbers ΓΩ,q are linearly independent over Q. Using this, we will calculate the
dimension of the space
VQ,N := Q 〈γ(Ω,m, n) | 1 ≤ m ≤ n ≤ N ∈ N, (m,n) = 1 = (n, PΩ)〉 ,
where N is sufficiently large. To get a non-trivial lower bound on the dimension of VQ,N , we
will try to find a pair of prime numbers p, ℓ in terms of N .
12 SANOLI GUN, V. KUMARMURTY AND EKATA SAHA
Let t be the number of primes in Ω. Now using Bertrand’s Postulate, we get that there are at
least t+2 primes between N
2t+2
andN , whereN > 2t+2. Hence there exist two primes p, ℓ ≥ N
2t+2
with (pℓ, PΩ) = 1. Thus
dimVQ,N ≥ min{ϕ(p), ϕ(ℓ)} = min{p− 1, ℓ− 1} ≥
N
2t+2
− 1≫Ω N.
This completes the proof of Theorem 5.
We now indicate the required modifications to derive Theorem 6. Let K be a number field
with discriminant d > 1 and K ∩Q(ζPΩ) = Q.
We claim that there exists a natural number r0 ∈ S
′
Ω
such that for any q ∈ Nwith (q, r0dPΩ) =
1, a set of numbers ΓΩ,q (defined below) consisting of suitable γ(Ω, a, q)’s with |ΓΩ,q| = ϕ(q) is
linearly independent overK .
In order to prove the claim, we replace the set SΩ in Theorem 5 by
S′Ω := {u ∈ N | (u, PΩ) = 1, ΦuPΩ(X) is irreducible overK}.
Since K ∩Q(ζuPΩ) = Q if and only if ΦuPΩ(X) is irreducible overK , for any natural number u
with (u, dPΩ) = 1, one has u ∈ S
′
Ω
. Consider the set
ΓΩ,u := {γ(Ω, v, u) | 1 ≤ v ≤ u, (v, u) = 1} for u ∈ S
′
Ω.
In order to complete the proof of the claim, we now define f, q as before. The proof of the claim
now follows mutatis mutandis as in Theorem 5 except when we need to show that neither
f(q) = 0 nor g(r) = 0. Once again we will use the theorem of Baker, Birch and Wirsing, but
over number fields K with [K : Q] > 1. This forces us to have the additional condition that
ΦuPΩ(X) is irreducible overK . This is why we have replaced our set SΩ in Theorem 5 by S
′
Ω
in
Theorem 6.
We now complete the proof of Theorem 6. For a lower bound, we let s be the number of
distinct prime divisors of d and t be the number of primes in Ω. Then again by Bertrand’s
Postulate, we get that there are at least s + t + 2 many primes between N
2s+t+2
and N with
N > 2s+t+2. Thus we can get two distinct primes p, ℓ ≥ N
2s+t+2
such that they are co-prime to
dPΩ. Then
dimVK,N ≥ min{ϕ(p), ϕ(ℓ)} = min{p− 1, ℓ− 1} ≥
N
2s+t+2
− 1≫Ω,K N.
4.3. Proof of Theorem 7. Suppose that γ(Ω2, a, q), γ(Ω3, a, q) ∈ [γ(Ω1, a, q)], where Ω1,Ω2 and
Ω3 are distinct elements in C(q). Then there exist non-zero algebraic numbers β, λ such that
(14) γ(Ω1, a, q) = βγ(Ω2, a, q) and γ(Ω1, a, q) = λγ(Ω3, a, q).
LINEAR AND ALGEBRAIC INDEPENDENCE OF GENERALIZED EULER-BRIGGS CONSTANTS 13
For a Dirichlet character χ modulo q and a finite set Ω consisting of primes co-prime to q, we
define
aΩ :=
δΩ
q
6= 0, γ1 := γ +
∑
p|q
log p
p− 1
and αχ,Ω :=
χ(a)
ϕ(q)
∏
p∈Ω
(1−
χ(p)
p
).
Using (2) and (14), we get
γ1(aΩ1 − βaΩ2) + aΩ1
∑
p∈Ω1
log p
p− 1
− βaΩ2
∑
p∈Ω2
log p
p− 1
+
∑
χmod q
χ 6=χ0
L(1, χ)(αχ,Ω1 − βαχ,Ω2) = 0.(15)
Similarly, we have
γ1(aΩ1 − λaΩ3) + aΩ1
∑
p∈Ω1
log p
p− 1
− λaΩ3
∑
p∈Ω3
log p
p− 1
+
∑
χmod q
χ 6=χ0
L(1, χ)(αχ,Ω1 − λαχ,Ω3) = 0.(16)
Since Ω1,Ω2,Ω3 are distinct set of primes, applying Theorem 13 to equations (15) and (16), we
get
aΩ1 − βaΩ2 6= 0, aΩ1 − λaΩ3 6= 0.
By the same reasoning, we see that
aΩ3 −
β
λ
aΩ2 6= 0.
Again from (15) and (16), it follows that
aΩ1(βaΩ2 − λaΩ3)
(aΩ1 − βaΩ2)(aΩ1 − λaΩ3)
∑
p∈Ω1
log p
p− 1
−
βaΩ2
(aΩ1 − βaΩ2)
∑
p∈Ω2
log p
p− 1
+
λaΩ3
(aΩ1 − λaΩ3)
∑
p∈Ω3
log p
p− 1
+
∑
χmod q
χ 6=χ0
L(1, χ)A(χ) = 0,
where
A(χ) =
(αχ,Ω1 − βαχ,Ω2)
(aΩ1 − βaΩ2)
−
(αχ,Ω1 − λαχ,Ω3)
(aΩ1 − λaΩ3)
.
Since Ω1,Ω2,Ω3 are distinct set of primes, without loss of generality, one can assume that there
exists a prime p1 ∈ Ω1 such that either p1 /∈ Ω2 ∪ Ω3 or p1 ∈ Ω2 but not in Ω3. The coefficient of
log p1 in the first case is
aΩ1(βaΩ2 − λaΩ3)
(aΩ1 − βaΩ2)(aΩ1 − λaΩ3)(p1 − 1)
6= 0
and in the second case is
λaΩ3
(λaΩ3 − aΩ1)(p1 − 1)
6= 0.
Hence in both cases we arrive at a contradiction by Theorem 13.
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4.4. Proof of Theorem 8. Suppose that γ(Ω, a, q2), γ(Ω, a, q3) ∈ [γ(Ω, a, q1)], where q1, q2, q3 are
distinct elements in C(a,Ω). Then there exist non-zero algebraic numbers β, λ such that
(17) γ(Ω, a, q1) = βγ(Ω, a, q2), and γ(Ω, a, q1) = λγ(Ω, a, q3).
Write
aqi :=
δΩ
qi
6= 0, γ1 := γ +
∑
p|Ω
log p
p− 1
and αχ,qi :=
χ(a)
ϕ(qi)
∏
p∈Ω
(1−
χ(p)
p
).
Using (2) and (17), we get
γ1(aq1 − βaq2) + aq1
∑
p|q1
log p
p− 1
− βaq2
∑
p|q2
log p
p− 1
+
∑
χmod q1
χ 6=χ0
αχ,q1L(1, χ)(18)
− β
∑
χmod q2
χ 6=χ0
αχ,q2L(1, χ) = 0.
Similarly, we have
γ1(aq1 − λaq3) + aq1
∑
p|q1
log p
p− 1
− λaq3
∑
p|q3
log p
p− 1
+
∑
χmod q1
χ 6=χ0
αχ,q1L(1, χ)(19)
− λ
∑
χmod q3
χ 6=χ0
αχ,q3L(1, χ) = 0.
Since q1, q2 and q3 are mutually co-prime natural numbers, applying Theorem 12 to equations
(18) and (19), we get
aq1 − βaq2 6= 0, aq1 − λaq3 6= 0.
Similar reasoning show that
βaq2 − λaq3 6= 0.
Hence we have
Caq1
∑
p|q1
log p
p− 1
−
βaq2
(aq1 − βaq2)
∑
p|q2
log p
p− 1
+
λaq3
(aq1 − λaq3)
∑
p|q3
log p
p− 1
+ C
∑
χmod q1
χ 6=χ0
αχ,q1L(1, χ)
+
λ
(aq1 − λaq3)
∑
χmod q3
χ 6=χ0
αχ,q3L(1, χ) −
β
(aq1 − βaq2)
∑
χmod q2
χ 6=χ0
αχ,q2L(1, χ) = 0,
where
C :=
βaq2 − λaq3
(aq1 − βaq2)(aq1 − λaq3)
6= 0,
a contradiction to Theorem 12. This completes the proof of the theorem.
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5. CONSEQUENCES OF WEAK SCHANUEL CONJECTURE
In this section, we state some conditional results on algebraic independence of Euler-Briggs
constants assuming the Weak Schanuel conjecture (see page 111 of [15], see also [5]).
Conjecture 16. (Weak Schanuel) Let α1, · · · , αn be non-zero algebraic numbers such that the num-
bers logα1, · · · , log αn are Q-linearly independent. Then logα1, · · · , log αn are algebraically indepen-
dent.
Before we proceed further, let us fix few more notation. For a, q ∈ N with 1 ≤ a ≤ q and
(a, q) = 1, we define
γ∗(Ω, a, q) :=
qγ(Ω, a, q)
δΩ
.
We say γ∗(Ω1, a, q) ∼ γ
∗(Ω2, a, q) if there exists a non-zero algebraic number α such that
γ∗(Ω1, a, q) = αγ
∗(Ω2, a, q).
Note that γ(Ω1, a, q) ∼ γ(Ω2, a, q) if and only if γ
∗(Ω1, a, q) ∼ γ
∗(Ω2, a, q). Hence we will study
γ∗(Ω, a, q) in place of γ(Ω, a, q) whenever convenient.
We call a finite sequence of sets {Ω1, · · · ,Ωn} an irreducible sequence if
∪ni=1Ωi 6= ∪j∈JΩj
for any proper subset J ⊂ {1, · · · , n}. We call an infinite sequence of distinct sets {Ωn | n ∈ N}
an irreducible sequence if every finite subsequence is irreducible. It is easy to see if
p1 < p2 < · · ·
is a sequence of distinct prime numbers and Ωi = {pi}, then {Ωi} is an irreducible sequence.
On the other hand, the sequence
{p1}, {p2}, {p1, p2}, {p3}, {p1, p2, p3}, · · ·
where pi’s are distinct prime numbers is not an irreducible sequence though it contains an
irreducible subsequence. Here we have the following theorem.
Theorem 17. Suppose that the Weak Schanuel conjecture is true. Further, suppose that T := {Ωn}n∈N
is an infinite sequence of non-empty finite subsets of prime numbers co-prime to q. Consider the set
S1 := {γ
∗(Ωn, a, q)− γ −
∑
χ 6=χ0
α∗χ,Ωn,qL(1, χ) | Ωn ∈ T},
where χ is a Dirichlet character modulo q and
α∗χ,Ω,q := χ(a)
∏
p∈Ω
(1−
χ(p)
p
)(1−
1
p
)−1
∏
p|q
(1−
1
p
)−1.
Then the elements of S1 are algebraically independent if the infinite sequence T is irreducible.
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Proof of Theorem 17. Let T = {Ωn}n∈N be an irreducible sequence where no Ωn contains any
prime divisors of q. By (2), we know that
An := γ
∗(Ωn, a, q)− γ −
∑
χ 6=χ0
α∗χ,Ωn,q L(1, χ) =
∑
p∈Ωn
log p
p− 1
+
∑
p|q
log p
p− 1
.
Hence by Weak Schanuel’s conjecture 16, it is sufficient to show that the elements An’s for
Ωn ∈ T are linearly independent over Q. If not, then there exists a finite subsequence T
′ =
{Ωn1 , · · · ,Ωnk} of T and integersm1, · · · ,mk, not all zero, such that
(20) m1An1 + · · · + mkAnk = 0
Write Ω := ∪ki=1Ωni . Then applying (2) in (20), we get
(21)
∑
p∈Ω
tp log p +
∑
ℓ|q
rℓ log ℓ = 0,
where tp, rℓ ∈ Q and p ∈ Ω with (p, q) = 1. Since T
′ is an irreducible sequence and not all mi’s
are zero, it follows that not all tp’s are zero, a contradiction to (21). This completes the proof of
Theorem 17.
Before we state our next theorem, let us introduce a notation and a definition. For I ⊆ N,
let P (I) be the set of all prime divisors of the elements of I . A finite subset I of N is called
irreducible if and only if
(22) P (I) 6= ∪J(IP (J).
An infinite subset T ⊆ N is called irreducible if all finite subset of T are irreducible. In this
context, we have the following theorem.
Theorem 18. Suppose that the Weak Schanuel conjecture is true. LetΩ be a finite set of primes. Further,
suppose that T = {qi}i∈N be an infinite irreducible sequence of natural numbers co-prime to the primes
in Ω. Let a ∈ N be such that (a, qi) = 1 for all i ∈ N. Consider the set
S2 := {γ
∗(Ω, a, q)− γ −
∑
χ 6=χ0
α∗χ,Ω,qL(1, χ) | q ∈ T},
where α∗χ,Ω,q is as in Theorem 17. Then the elements of S2 are algebraically independent.
Proof of Theorem 18. We have
γ∗(Ω, a, q)− γ −
∑
χ 6=χ0
α∗χ,Ω,qL(1, χ) =
∑
p∈Ω
log p
p− 1
+
∑
p|q
log p
p− 1
.
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Hence by Weak Schanuel’s conjecture 16, it is sufficient to show that the elements of S2 are
linearly independent over Q. Suppose not, then there exists a finite subset {q1, · · · , qn} of T
and integersm1, · · · ,mn, not all 0, such that
n∑
i=1
mi{γ
∗(Ω, a, qi)− γ −
∑
χ 6=χ0
α∗χ,Ω,qiL(1, χ)} = 0.
So
∑
p∈Ω
log p
p− 1
n∑
i=1
mi +
n∑
i=1
mi
∑
p|qi
log p
p− 1
= 0.
Without loss of generality let m1 be non-zero. Since T is irreducible, by definition all finite
subsets of T are irreducible. Then by (22) we know that P (q1, q2, · · · , qn) 6= P (q2, q3 · · · , qn)
and hence there exists a prime p such that p | q1 but p ∤ qj for all j 6= 1. This implies that the
coefficient of log p ism1/(p − 1) 6= 0, a contradiction by Baker’s theorem.
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